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ABSTRACT 

Let  g be  a positive  continuous  function  on  IR  which  tends  to 

zero  ut  -00  and  wnich  is  not  integrahle  over  IR.  The  Doundary-value 

problem  -u"  + g(u)  = f,  u^**)  = 0,  is  considered  for  f t l\ir).  We 

show  that  this  problem  can  have  a solution  if  and  only  if  g is  integrable 

at  -00  and  if  this  is  so  then  the  problem  is  solvable  precisely  when 
00 

f f(t)dt  > 0.  Some  extensions  of  this  result  are  also  given. 
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SINGULAR  SEMI-LINEAR  EQUATIONS  IN  lSiR) 

Stephen  D.  Fisher 

In  |2]  M.  G.  Crandall  and  L.  C.  Evans  show  that  the  singular 
semi-linear  problem 

^-U'’(X)  + P(U(X))  = f(x),  -00  < X < <» 

/ u'(±  00)  = 0 

u'’€  L^IR) 

Q 

1 r 

has  a solution  for  each  fc  L (IR)  with  J f > 0 if  (and  only  if)  p is 

IR 

integrable  at  -op.  Here  p is  a given  positive  monotone  increasing  continuous 
function  on  E.  In  fact,  they  discuss  the  more  general  situation  when 
P is  a maximal  monotone  graph.  In  this  paper  we  consider  several 
extensions  of  the  problem  {=•-)  and  provide  another  technique  for  proving 
that  these  equations  have  a solution.  In  particular,  we  recover 
the  result  of  Crandall  and  Evans  by  different  means. 

Theorem  1.  Let  g be  a positive  continuous  function  on  IR  with 

JO 

Urn  g(t)  = 0,  / g(s)ds  divergent  . 

t -or 

1 1 r 1 

Let  L = (ft  L (IR)  ; / f > 0);  ^ fc  L consider  the  problem 

IR 
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(a)  (1)  has  a solution  for  all 

(b)  (1)  has  a solution  for  some 


(c)  g is  Inteqrable  at  . 

Proof,  (a)  implies  (b)  is  trivial.  To  see  that  (b)  implies  (c)  suppose 
there  is  a function  u with  u"€  u'lioo)  = o,  and 


(2)  -u"  + g(u)  = f 


1 00 

for  some  fc  L . Then  u' e L and  u tends  to  -oo  at  both  ±»  for 


the  following  reason.  Suppose  there  is  a sequence  x -*00  with 

n 

Jim  u(x  ) - L > -00,  Lot  {y  ] be  any  other  sequence  of  real  numbers 
n n 

n 

tending  to  +up.  Then  from  (2)  we  get 


- 4 (u'(y  ))^  + 7 + H(u(y  ))  - H(u(x  ))  = j fu' 

n <1  n n n ■' 

X 

n 

where 


t 

H(t)  = f g(s)ds  . 

b 


Hence,  lim  H(u(y  ))  exists  and  equals  H(u(L)).  Thus,  Hlu(l))  has  a 
n 


-2- 


» 


I 


limit  at  which  implies  that  u has  limit  L at  since  H is 
strictly  monotone.  But  then  g(u(t))  tends  to  g(L)  > 0 as  t * which 
contradicts  the  fact  that  g(u(t))  is  in  l\iR).  An  identical  argument 
shows  u tends  to  -<»  at  With  H as  above  wo  also  have 

12  2 

^((u'(y))  - (u'(0))  I f H(u(0))  - H(u(y))  f fu' 

y 

for  each  y,  y < 0.  Thus,  H(u(y))  has  a finite  limit  as  y -or.  Since 

u{y)  -♦  -00  as  y -*  we  find  that  H(s)  has  a finite  limit  as  s -or 

implying  that  g is  integrable  at  -oo.  The  proof  that  (c)  implies  (a)  is  the 

most  difficult.  The  first  step  is  to  show  that  the  set  of  those  f < for 

which  (1)  is  solvable  is  closed  in  the  second  step  is  then  obviously 

to  show  that  the  set  of  those  f*  for  which  (1)  is  solvable  is  dense 

in  To  prove  the  first  assertion,  let  f l\iR),  with  f, 

f € • Let  u satisfy 

n + n 


(3a) 


-u"  + g(u  ) = f 
n n n 


(3b) 


u'  (±co)  = 0 
n 


(3c) 


u'’c  L (IR)  . 
n 


Integrate  both  sides  of  (3a)  from  -oc  to  x and  then  from  x to  and 

use  the  fact  that  g > 0.  This  gives  iu'(x)i  < !lfil,  + 1 for  all  large  n 

n 1 


and  hence 
(4) 


lU'  il  ^ < A,  n = 1,  2,  . . . . 

L (IR) 


-3- 


This  in  turn  iiiiphos  th>u  oijuiconlinuous.  Wo  may  iissumo, 

thorotoio.  that  coiwerijos  uniformly  on  compact  subsets  of  IK  to 

either  t-*".  oi  or  to  a continuous  function  u.  Sot 

X 

Gtx)  - I g(s)ds  . 

-JC 

Tor  any  x » IK  and  any  n we  have 

X 

G(u^^(x))  - / cj(u^^it))u' (t)dt 

-jr 


Hence,  jH  x.  Thus,  it  is  obviously  impossible 

that  iu  } tends  to  r-f".  Suppose  that  {u  } tends  to  uniformly 

n n ^ 

on  compact  subsets  of  IK.  Again  we  have 

1 J ^ 

- - iu' ^x))"  i Gtu  tx))  I f(l)u'(l)dl 
n n ■ _ n n 


and  hence 

sjr 

(6)  0 f f u'  . 

n n 

-jr 

Wo  may  assume  that  iu|^',  converges  weak-  - in  l"*'{IR)  to  a function  p 
.ind  also  that  (uMO))  converges.  Integrating  (3a)  from  0 to  x we  see 
that  converges  pointwi so  to  p(x)  on  IK.  Hence.  ( ‘^)  and  ( h)  yield 

1 d ^ 

- ~ (P(x))  I Ip 

4. 

- jr 

ana 


-I- 


vJO 

0 --  / fp. 

-00 

Hence,  p has  a limit  of  0 at  both  +>»  and  -oo.  Again  from  (3a)  we 
obtain 

X X 

u' (y)  - u' (x)  + f g(u  (t))dt  = / f (t)dt 

y y 

so  that 

X 

p{y)  - p(x)  - J f(t)dt  . 
y 

Now  let  y ^ -or  and  x --»■  +<»:  we  find 

00 

0 < f f = p(-oo)  - p(+<»)  = 0, 

-oc 

a contradiction.  Note  that  this  argument  is  dependent  on  g in  only  a 

m.nor  way  In  particular,  if  (9^^}  is  a sequence  of  positive  continuous 

functions  converging  uniformly  on  compact  subsets  to  . positive  continuous 

unction  a which  tends  to  0 at  and  which  lies  in  out 

not  in  L^' R)  and  if,  say,  {g  } increases  to  g on  (-*,*),  then 

n 

the  functions  v which  satisfy 
n 

-v"  + g (v  ) = f,  v'(±*)  = 0,  ft 
n n n n ’ + 

are  equicontinuous  and  uniformly  bounded  on  compact  subsets  of  IR.  We 

shall  mai^e  use  of  this  later  on. 

Returning  to  the  functions  (f  } and  (u  } wo  see  that  {u  } 

n n ' n 

converges  uniformly  on  compact  subsets  of  P to  a continuous  function 

u.  We  clearly  have  u”  - u"  in  l!  so  that  u satisfies 

n loc 


-5- 


(7) 


-u"  4 g(u)  = f on  IR  . 


Patou's  lemma  implies  g(u)  is  in  l\iR)  and  hence  u"  i lW):  thus 
u'  has  limits  at  both  and  u tends  to  at  both  ±x  as  in  the 

implication  (b)  implies  (c).  From  (S)  and  (6)  we  got 

I ^ ^ 

- - (u'(x))  + G(u(x))  = J fu' 

-OC 

and 

OC 

0 = f fu'  . 

-OC 

Hence,  u'  tends  to  0 at  both  ±<»,  so  that  u is  a solution  of  (1). 

Note  also  that 

00  00  OP 

f lu"  4 f I = / (u"  4 f)  = f f 
-00  - 00  - 00 

< 

and  hence 

(8)  ilu"!!^  < 2!(fli^  . 

The  second  assertion,  that  there  is  a dense  set  of  f < for  which 
(1)  is  solvable,  will  be  proved  in  the  following  way.  Let  f be  a continuous 
function  on  IR  in  with  support  in  the  interval  1 = (a.bj.  We  shall 

show  (1)  is  solvable  for  this  f.  We  assume  temporarily  that  g is  on 

We  shall  need  the  following  Proposition. 

Proposition.  Let  a < b and  let  g be  a positive  function  on  IR 

which  is  integrable  at  -*  and  bounded  at  4*;  set 


IR. 


-6- 


G(x)  - I g(s)ds  . 


Then  for  each  a,  p the  initial  value  problem 

-v"(x)  + g(v(x))  = f(x),  a < X < b,  f c b'^fa,  b) 
v(a)  = a,  v'(a)  = p 


has  a unique  solution.  If  a » a and  p •*  p and  if  v is  the  solution 

n n n 

of  (‘>)  for  (a  , p ),  then  v converges  uniformly  to  the  solution  v of 
n n n 

(9)  for  (o,p).  Finally,  the  family  solutions  of  (9)  corresponding 

to  the  initial  values  {(a,  p)  : ^ o < a^,  ip  | < M } is  equicontinuous  on 

I a.  b| . 


Proof.  Once  the  equicontinuity  is  established  the  existence  and  uniqueness 
follow  from  standard  results;  see  [1),  Chapter  1.  To  obtain  the  equi- 
continuity assertion  (from  which  the  second  assertion  also  follows),  we 
multiply  the  top  equation  in  (9)  by  v'  and  integrate  to  obtain 

12  12 
-•J{v'(x))  +G(v(x))+7P  - G(a)  j fv' 

a 

so  that  if  X is  chosen  with  |v'(x„)  = ||v'  il  we  have 
U 0 * 

II v'  Ilf,  £ P^  + 2G(a)  + 2G(v(x  ))  4 a||v'  || 

Of’  (J  oc 

< p^  + 2G(a)  + 2G(a  4 (b  - a)!lv'  I!  ) 4 aIIv'  |l 

oc  oc 

< P*^  4 2G(«)  4 Aq  4 Aj(a  4 (b  - a)  l|v'  il^)  4 a!;v' 

for  some  constants  A^,  depending  only  on  g.  Hence,  !!v*  is 

bounded  for  i(3  I < M and  ^ ^ 


I 


i 


1 


F 


Let  f bo  a continuous  function  in 


Conclusion  ot  proof  ot  Theorem  1. 

with  support  in  the  interval  (a,  b).  We  shall  show  that  (1)  is  solvable 
for  this  f.  I'irst,  on  (-or,  a]  we  show  that  the  equation 

(10'  g(u(x))  u"(x) 


u(a)  = Cj,  u'(-'X')  = 0 

has  a solution.  Let  v be  the  function  with 

-1 ' I 

v'(tl  = (2G(t))  , -or  < t < c^ 

v(c^)  a 


where 

X 

G(x)  = f g(s)ds. 
-or 


Then  v is  increasing  and  has  range  (-or,  a)  . Let  u be  the  inverse  of 
V on  (-jr,  a]  . u(v(t))  = t.  Thus 

u(a)  - c^ 

and 


u'(xl  l/v'(t) 


(2G(t)) 


1/2 


or 


(111 


u‘(x) 


(2G(u(x") 


ii 


‘ i 


-H- 


If  vvc  ditforontiato  both  sides  of  (ID  wo  soc  that  u satisfies  (lOj. 
Similarly,  there  is  a solution  of 


u"(x)  g(u(x))  b < X ^ cr 

u(b)  - c^,  u'for)  ^ 0 

which  satisfies 

u’(x)  = -(2G(u(x)))^'^^,  b < X < or  , 

Hence,  to  finish  the  proof  of  the  theorem  we  need  only  show  that  there  is 
a solution  v of  the  equation 


-v"  + g(v)  = f on  (a,  b) 

with 

v'(a)  = (2G(v(a)))^^‘^ 

(13) 

lb)  v'(b)  = -(2G(v(b)))^'^^  . 

Let  be  the  solution  of  (12)  with  v(a)  = t and  v'(a)  = (2G(t))^^‘^  assured 
by  the  Proposition.  (We  temporarily  assume  that  g is  bounded  at  +* 
if,  in  fact,  it  is  not. ) Then 

b 

v‘(b)  v^(a)  + f v^’(s)ds 

a 

1/2 

(2G(t))  + I g(v^(s))ds  -p 


-9- 


1 

i 

b 

where  p - j f(t(dt  > 0,  To  show  that  t may  be  chosen  with 
a ^ 

v^(b)  -(2G(v^(b)))  ^ we  consider 

t(t)  = (<iG(t))  + (2G(v^(b))i  ^ 4 J g(v^(S))ds  - p . 

a 

The  Proposition  implies  i is  continucus.  We  have 

Mt)  > -p  + (2G(t))^^^  . 

Since  G is  unbounded,  there  are  values  of  t with  f (t)  >0.  Next  let 
t i -0^  : by  the  equicontinuity  of  the  functions  {v^}  we  must  have 
v^  - -O'"  uniformly  on  [a,  b]  so  that  £ (t)  -*  -p  < 0;  hence,  there  is 
a t^  at  which  I (t^)  = 0,  and  thus  (12)  is  solvable  with  the  boundary 
conditions  (13). 

We  have  now  shown  that  (1)  is  solvable  for  all  f « under  the 
assumption 

(14)  g t c\lR)  n l'*(IR),  g i l\iR)  . 

If  g is  merely  positive  and  continuous  on  IR  with  g « l\-jc,o), 

g < l\ir),  then  there  is  a sequence  {g  } of  positive  functions  satisfying 

n 

(14)  which  converge  uniformly  on  compact  subsets  of  IR  to  g and  which 

also  increase  to  g on  (-•>^,'^).  The  comments  made  earlier  show  that 

the  solutions  {u  ) of  (1)  with  g in  place  of  g converge  to  a solution 

n n 

of  (1)  for  g.  This  completes  the  proof  of  Theorem  1. 

Remark.  The  condition  g ^ l\iR)  is  necessary  as  well  as  sufficient  in 

oc  1 

order  that  Theorem  1 be  valid.  For  suppose  g t L (IR)  0 L (IR);  then  the 


i 


-10- 


function  G is  bounded.  If  f is  supported  on  [-1,1]  and  if  (1)  has 
a solution  for  f,  then  (13)  must  hold  with  u in  place  of  v so  that 


1 1 

0 = n/2G(u(-1))  + n/2G(u(1))  + f g(u(s))ds  - | f(s)ds  . 

-1  -1 

The  first  three  terms  of  this  expression  are  bounded,  independent  of  u, 
and  hence  the  integral  of  f over  ]R  can  not  exceed  some  fixed  number 
depending  only  on  g. 

Theorem  2.  Let  g be  a positive  continuous  function  on  IR  with 
(15)  lim  g(t)  = 0,  g ^ L^(IR)  . 

t—  00 


Let  B(x)  be  a positive  absolutely  continuous  function  on  IR  with 
B'  € l\ir)  and  B bounded  away  from  zero.  For  ^ consider  the 

equation 


r 


(16) 


-u''(x)  + B(x)g(u(x))  = f(x),  -00  < X < £» 

u"  t l\ir) 
u'(±  oo)  = 0 , 

1 


Then  (16)  has  a solution  for  each  f ‘ if  and  only  if  g is  integrable  at 


Proof.  If  (16)  is  solvable  for  some  f ‘ with  support  in  [ -1,1]  then 
u'  > 0 on  (-*,  -1 1 and  u*  < 0 on  [ 1,  «).  It  now  follows  very  much  as 
in  Theorem  1 that  u tends  to  -<»  at  and  that  g is  integrable  at  - 


-X  , 


^ • 


To  show  the  sufticioncy  of  the  condition  that  g be  integrable  at  - >» 
we  first  show  that  the  equations 

u"(x)  B(x)g(u(x)),  |x  I > a > 0 

(17)  / u(-a)  - Cp  u(a)  - 

u'(±'*')  = 0 


have  a solution.  As  in  the  proof  of  Theorem  I,  the  solution  u must  be 
monotone  increasing  for  -of'<  x < -a  and  monotone  decreasing  on  (a, 
wo  shall  only  consider  the  details  for  the  case  -«' < x < -a,  the  other  case 
being  entirely  similar.  We  wish  to  find  a continuous  function  v with 


(18) 


v'(t)  = (2  J B(v(s))g(s)ds) 


-1/2 


-uo  < t < C. 


v(Cj)  - -a  . 


If  such  a V exists,  then  the  inverse  function  u of  v will  satisfy 

1/2 

u'fxl  (2  j B(r)g(u(r))u'(r)dr) 
u( -a)  - c^ 

and  hence  u will  satisfy  (17).  To  see  that  (18)  has  a solution  let  b^ 
and  b^  be  positive  numbers  with  < B(s)  < b^  for  all  s and  let 
be  the  function  defined  by 

-1/2 

;j^(t)  (2  j g(s)ds)  , 1 • 


-12- 


Lot  i> 


N 


-.V  . O-N.c^)  < w(t)  < (2b^)  ' i^{t) 


for 


all  t ».  I -M.  Cj  I ’ and  lot  T map  S2j^  into  12^^  by 


(Tw)(x)  = (2  J B(w(s))g(s)ds) 
-N 


-1/2 


where 


w'(t)  = w(t),  w(Cj)  = -a  . 

Clearly  Tw  t if  i-S  a bounded  sequence  in  f2j^,  then 

is  equicontinuous  and  uniformly  bounded.  Thus,  T is  a compact  mapping 
and  so  has  a fixed  point  which  must  satisfy 

~ -1/2 

w (x)  ^ (2  / B(w  (s))g(s)ds)  , -N  < x < c . 

‘-N 

The  functions  are  equicontinuous  and  uniformly  bounded  on  compact 

subsets  of  (-«,c^]  and  so  a subsequence,  again  denoted  by 
converges  uniformly  on  compact  subsets  of  (-*,0^]  to  a function  w^.  But 
we  also  see  that 

X ^ x ^ 

I B(Wj^(s))g(s)ds  - f B(w^(s))g(s)ds 
-N  -00 

uniformly  on  compact  subsets  of  (-oo^c^J,  Hence,  Wj^  -*  w^  uniformly  on 

com  pacta:  setting  we  see  that  v satisfies  (18). 

The  remainder  of  the  proof  of  Theorem  2 is  like  that  of  Theorem  1;  the 

condition  that  B'  e L^(IR)  is  used  to  prove  that  the  sequence  {u  ] can  not 

n 

go  to  . 

Corollary  3.  Let  a(x)  i L^ilR),  f f L^(IR).  and  let  g be  a positive 
continuous  function  satisfying  (15).  Consider  the  equation 


< X < >“ 


(i)  -u"(x)  + a(x)u'(x)  + g(u(x))  - f(x), 

(19)  < (ii)  u''€  l\f) 

l^(iii)  u'(±'^)=0 


X 

Let  g be  Integrable  at  -oo  and  set  w(x)  = exp)  - / a(s)ds]  . A necessary 

0 

and  sufficient  condition  that  (19)  be  solvable  is  that 


(20)  j f(x)w(x)dx  > 0 . 

IR 

If  (21)  is  solvable  for  all  ft  l’'  satisfying  (20).  then  g is  integrable  at 


-00  , 


Proof.  Let  x = H(y)  where  H is  the  inverse  of  the  function  I definad  by 

r(x)  = l/w(x) 

1(0)  = 0 . 


Then  both  H and  I are  1-1  monotone  increasing  functions  mapping  ]R 
onto  ]R  and  the  substitution  v(y)  = u(H(y))  reduces  (19)  to 


(21) 


•v"(y)  + (H’(y))^g(v(y))  (H’(y))^f(H(y)) 


v"  c l\  v'  (±  or  ) = 0 


which  has  a solution  according  to  Theorem  2 precisely  when 

or 

0 < j (H'(y))^f(H(y))dy 

-or 

or 

= j f(x)w(x)dx  . 

-or 


-14- 


Remark.  Let  p be  a maximal  monotone  graph  lying  in  the  upper  half- 
plane; that  is,  p(x)  is  a subset  of  (y  > 0}  for  each  x t IR.  Lot 
p'^(x)  = 1 iii{y  : y t p(x)}.  The  result  of  Crandall  and  Evans  is  that  if 

a 

f p (x)dx  < 00 


for  some  a t L)(p),  then  the  equation 


■u"{x)  + p(u(x))  =7  f(x),  u'(±oo)  = 0,  f € L 


is  solvable.  This  result  also  follows  from  Theorem  1 in  the  following  way. 

Let  be  a sequence  of  positive  continuous  monotone  increasing 

functions  which  increase  to  p°  on  D(p)  and  which  increase  to  +oo 

off  D(p).  The  solutions  {u  } of  (1)  with  p in  place  of  g then 

n n 

decrease  on  IR  to  a solution  u of  (22). 

A final  result  related  to  Theorem  1 is  presented  below. 


Theorem  4.  Let  g be  a positive  continuous  function  on  IR  satisfyinc 
(15).  For  f t L^(IR)  consider  the  equation 


where 


u"(x)  + g(u(x))  = f(x),  -00  < X < 00 

u"  c L^IR) 


u'(-«>)  = u'(  + oo)  = 4^ 


/ f(x)dx  = P > ^2  “ ^1  ■ 


(a)  Suppose  g is  integrable  at  -oo.  If  (23)  has  a solution  for  some  f 
with  compact  support  (which  necessarily  satisfies  (24))  then  > 0 
If  (23)  has  a solution  for  f = 0,  then  4j  = “42- 


-15- 


(b)  h q IS  inteqrabk*  at  --^  and  if  ''  0 > then  (23)  has  a 

solution  tor  all  f with 

jr 

(23)  ^2  ~ ^ J f(x)dx  < min{|^, -Ij)  . 

ic)  If  (23)  has  a solution  for  some  f satisfying  (24).  then  g is 
inteqrable  at 

Proof,  (a).  If  f has  support  in  la,b),  then  u"(x)  ^0  for  x <a  and 
X > b.  if  u'(“-^')  £ 0,  then  u'  < 0 on  (-•*,  a)  and  hence  u is 
decreasing  on  (--^.a).  However,  u must  tend  to  at  both  -of>  and 

+ if  u is  a solution  of  (23)  and  thus  u can  not  decrease  on  (-00,3). 
Likewise.  u'(^-^)  must  bo  negative.  Further,  if  u"  + g(u)  s 0,  then 

2 

(u'(x))  + 2G(u(x))  s const,  on  I-'*’,'*) 

which  clearly  implies  that 

(c)  is  proved  exactly  as  in  Theorem  1. 

(b)  is  the  most  difficult  of  the  assertions.  First,  exactly  as  in 
Theorem  1.  it  can  be  shown  that  the  set  of  those  f satisfying  (24)  for 
which  (2  3)  is  solvable  is  closed  in  L^(IR).  Next,  we  show  that  if  f has 
compact  support,  say  in  (a,b),  and  if  f satisfies 

(25)'  ^2  “ ^1  ‘ f(x)dx  < min(-^^.4^) 

- jn 

then  (2  3)  has  a solution.  The  key  to  this,  as  in  Theorem  1,  is  to  show 
two  things:  first  that  the  equations 


-1  6- 


have  a solution  which  necessarily  satisfies 


U7)  u*(a)  - (4^^  - 2G(u(a)))^'^^ 

u'(b)  = -(4^  - 2G(u{b)))^^^ 

and  second  that  the  equation 

(28)  u"(x)  + g(u(x))  = f(x),  a <x<b 

is  solvable  subject  to  the  non-linear  boundary  conditions  (27).  Both 
these  assertions  are  proved  as  the  similar  statements  are  in  the  proof  of 
Theorem  1. 

Remark.  The  upper  bound  in  (2  5)  is  not  completely  satisfactory:  however, 
[ ' the  situation  for  (2  3)  is  more  involved  than  that  of  (1)  as  (a)  shows. 

i The  author  would  like  to  thank  Prof.  M.  Crandall  for  a number  of 

I helpful  comments  on  a preliminary  version  of  this  manuscript. 
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